We consider the cosmology of a "3-brane universe" in a five dimensional (bulk) space-time with a cosmological constant. We show that Einstein's equations admit a first integral, analogous to the first Friedmann equation, which governs the evolution of the metric in the brane, whatever the time evolution of the metric along the fifth dimension. We thus obtain the cosmological evolution in the brane for any equation of state describing the matter in the brane, without needing the dependence of the metric on the fifth dimension. In the particular case p = wρ, (w = constant), we give explicit expressions for the time evolution of the brane scale factor, which show that standard cosmological evolution can be obtained (after an early non conventional phase) in a scenarioà la Randall and Sundrum, where a brane tension compensates the bulk cosmological constant. We also show that a tiny deviation from exact compensation leads to an effective cosmological constant at late time. Moreover, when the metric along the fifth dimension is static, we are able to extend the solution found on the brane to the whole spacetime.
Introduction
solutions in the framework of Horava-Witten supergravity, general conditions for static universes can be found in [14] ).
The purpose of the present work is to solve the five-dimensional Einstein's equations for any type of matter in the brane with a cosmological constant in the bulk. We first show in section 2 that Einstein's equations admit a first integral, which in particular provides directly the cosmological evolution of the brane. In the following section, we show that an additional assumption, namely that the metric along the fifth dimension does not evolve in time, enables us to solve for the whole space-time metric, i.e. to find explicitly the dependence of the metric on the transverse coordinate as well as time. Finally, in the last section, we solve analytically, for different cases, the new Friedmann equation obtained in the present work and discuss the consequences.
Solving Einstein's equations
Let us present here the general framework. We shall consider five-dimensional spacetime metrics of the form
where y is the coordinate of the fifth dimension. Throughout this article, we will focus our attention on the hypersurface defined by y = 0, which we identify with the world volume of the brane that forms our universe. Since we are interested in cosmological solutions, we take a metric of the form
where γ ij is a maximally symmetric 3-dimensional metric (k = −1, 0, 1 will parametrize the spatial curvature). The five-dimensional Einstein equations take the usual form
whereR AB is the five-dimensional Ricci tensor andR =g ABR AB the scalar curvature and the constant κ is related to the five-dimensional Newton's constant G (5) and the five-dimensional reduced Planck mass M (5) , by the relations
Inserting the ansatz (2) for the metric, the non-vanishing components of the Einstein tensorG AB are found to bẽ
In the above expressions, a prime stands for a derivative with respect to y, and a dot for a derivative with respect to τ . The stress-energy-momentum tensor can be decomposed into two parts,
whereŤ A B | bulk is the energy momentum tensor of the bulk matter, which will be assumed in the present work to be of the form
where the energy density ρ B and pressures P B and P T are independent of the coordinate y. Later, we will be specially interested in the case of a cosmological constant for which −ρ B = P B = P T . The second term T A B | brane corresponds to the matter content in the brane (y = 0). Since we consider here only strictly homogeneous and isotropic geometries inside the brane, the latter can be expressed quite generally in the form
where the energy density ρ b and pressure p b are independent of the position inside the brane, i.e. are functions only of time. We may also add some other brane sources with similar energy momentum tensor. The assumption thatT 05 = 0, which physically means that there is no flow of matter along the fifth dimension, implies thatG 05 vanishes. It then turns out, remarkably, that the components (0, 0) and (5, 5) of Einstein's equations (3),(with (5) and (8)), in the bulk, can be rewritten in the simple form
where F is a function of τ and y defined by
SinceŤ 0 0 = −ρ B is here independent of y, one can integrate (12) , which gives
where C is a constant of integration which a priori depends on time. Assuming in addition thatŤ 0 0 =Ť 5 5 , one finds using the time derivative of (12) and the y−derivative of (13) that ρ B is constant in time. This also implies that C is constant in time. In order to deal with the last component of Einstein's equations (see (6) ), it is convenient to use the Bianchi identity,
which can be rewritten (usingG 05 = 0, andT
One finds (using (12) ) that this equation is identically satisfied if −ρ B = P B . Hence, when the bulk source is a cosmological constant, any set of functions a, n, and b satisfying (15) or, more explicitly,
together withG 05 = 0, will be solution of all Einstein's equations (3), locally in the bulk. The brane can then be taken into account by using the junction conditions [15] , which simply relate the jumps of the derivative of the metric across the brane to the stress-energy tensor inside the brane. This procedure is described in detail in our previous paper [7] in the context of five-dimensional brane cosmology (see also [16] ). The relevant expressions are
where the subscript 0 for a, b, n means that these functions are taken in y = 0, and [Q] = Q(0 + ) − Q(0 − ) denotes the jump of the function Q across y = 0. Assuming the symmetry y ↔ −y for simplicity, the junction condition (19) can be used to compute a ′ on the two sides of the brane, and by continuity when y → 0, (18) will yield the generalized (first) Friedmann equation (after setting n 0 = 1 by a suitable change of time):
The salient features of this equation are that, first, the bulk energy density enters linearly, second, the brane energy density enters quadratically, and finally the cosmological evolution depends on a free parameter C (related to the choice of initial conditions in the whole space-time), whose influence corresponds to an effective radiation term (from the standard point of view, i.e. interpreting linearly the additional term) 2 . One can note that this equation is a generalization of the exact equation obtained in our previous paper [7] . This equation is enough to study the cosmological evolution in the brane, independently of the metric outside and in particular of the time evolution of b. The analysis of this equation will be postponed until section 4. In the next section we will be interested in obtaining an explicit solution for the whole five dimensional metric.
3 Explicit dependence on the fifth dimension for a stabilized bulk
In this section, it will be shown that, with the help of an additional assumption, namely that the fifth dimension is static, in the sense thaṫ
it is then possible to solve the full space-time metric, i.e. to determine the explicit dependence of the metric on the coordinate y. The restriction (22) allows us to go to the gauge b = 1.
It then follows immediately from equationG 05 = 0, that n can be expressed in terms of a according to the relationȧ
where α is a function that depends only on time (and not on y). Inserting this into (12) yields the following differential equation:
which is valid everywhere in the bulk (but not in the brane) on the two sides of the brane separately. It can be integrated in y, yielding
in the case ρ B < 0, or
in the case ρ B > 0, or finally
for ρ B = 0. In the following, we will focus on the first case ρ B < 0, but all the equations will apply as well to the case ρ B > 0, up to the transformation µ → iµ, B → iB. The coefficients A, B, C, D, E are functions of time, and C is expressible in terms of α as
and the others can be determined by the junction conditions. The symmetry y ↔ −y imposes the relations A + = A − ≡Ā, B + = −B − ≡B between the coefficients on the two sides of the brane. Using (19) and (20), one then finds
Note that one can check explicitly energy conservation in the brane from these relations, i.e.ρ
Let us finally fix our temporal gauge, by imposing the condition n 0 = 1, i.e. we choose as time what corresponds to the cosmic time in the brane. The function α is then simplyȧ 0 (see equation (24)), and (26) specialized to y = 0 gives
with, from equations (31) and (21),
Using the first relation in (32), the remaining coefficient is determined as
Substituting back the coefficients A and B thus obtained in the general expression (26) and using (21), one finally obtains the following expression for the scale factor a(t, y):
The other coefficient of the metric, n(t, y), follows directly from the above expression with the help of the relation (24), i.e.
Therefore, from the two functions a 0 (t) and ρ b (t) restricted to the brane, which are obtainable by solving the coupled system constituted of the two equations (21) and (33), one is able to infer the extension of the metric in the bulk away from the brane. Let us mention briefly the case ρ B = 0. Following the same procedure as above, one would end up with the following expression for the scale factor:
In the special case C = 0, one recognizes the linear solutions obtained in our previous paper [7] . We have not specified here whether the fifth dimension is compact or not. If it is compact, then one must check that one gets in the end a globally well defined solution (see [7] ).
The next section will be devoted to the determination of the evolution of the scale factor on the brane, a 0 (t), using equations (21) and (33), which -we wish to emphasize -does not depend on the hypothesis (22) of the present section.
Cosmological scenarios
In this section we will examine the consequences of equation (21) on the cosmological evolution inside the brane. In general, one still finds the quadratic behaviour in the brane energy density which leads to a non conventional cosmology [7] . However, as suggested by [9] and [10] , we will show that one can indeed implement the idea of Randall and Sundrum [5] in the cosmological context to recover standard cosmology. We will find exact solutions that match the early non conventional cosmology to the subsequent ordinary cosmology.
Let us thus assume that the energy density in the brane can be decomposed into two parts,
where ρ Λ is a constant that represents an intrinsic tension of the brane and ρ stands for the ordinary energy density in cosmology. Substituting in (21) one getsȧ 2 0
If we follow Randall and Sundrum by choosing ρ Λ such that
then one sees that standard cosmology is recovered with the identification ( [9] , [10] )
when ρ ≪ ρ Λ . Let us however keep ρ Λ unspecified at this stage. In the case ρ = 0 and C = 0 one would recover the solutions given by Kaloper [11] .
To get analytic solutions we will now assume that ordinary matter is described by an equation of state of the form p = wρ, with w constant. Then, using equation (33) for ρ and p, one can write
where ρ * and a * are constants. Inserting this expression in (41), it is possible to integrate explicitly the resulting equation in the case where C = 0 and k = 0. Assuming the first term on the right hand side of (41) to be positive and defining
one finds, for λ > 0,
and, for λ = 0,
(the origin of time being chosen so that a 0 (0) = 0). It is clear, from the latter expression, in the case λ = 0, how one passes from a very early universe, characterized by a non-conventional evolution a(t) ∼ t 1/q , to a late time phase described by standard cosmology, a(t) ∼ t 2/q . In the case λ > 0, with λ sufficiently small, one obtains three successive phases, a non-conventional phase dominated by ρ 2 , a conventional phase dominated by ρ and, finally, an exponential phase, where λ plays the rôle of an effective cosmological constant in our Universe. Therefore, brane cosmology is able to produce a late time acceleration phase such as seems to be needed from the latest cosmological observations ( [17] ), at the price however of a tiny mismatch in the compensation between ρ B and the tension of the brane. The required fine-tuning expresses the brane cosmological version of the well-known cosmological constant problem.
Let us finally examine the case of a universe filled with radiation (w = 1/3). It is then possible, still with k = 0, to integrate explicitly the case C = 0, because the C-term has the same dependence on a 0 as the term proportional to ρ in (41). Moreover, the free parameter C can be constrained by nucleosynthesis. Indeed, at the time of nucleosynthesis, the universe is dominated by the radiation energy density, which can be written
where g * is the effective number of relativistic degrees of freedom at that time. In the standard model, g * (standard) = 10.75, and any deviation ∆g * is strongly constrained by the observed abundances of light elements, typically ∆g * < 2. In our model, since the additional C-term evolves like radiation, it can also be seen effectively as additional relativistic degrees of freedom, subject to the usual constraint, so that
at nucleosynthesis. To conclude, we wish to recall the main results of this work. First, it has been shown that one can obtain a first integral of Einstein's equations, which provides, on the brane, a relation analogous to the (first) Friedmann equation and which depends only on the geometry and matter content of the brane, except for a constant parameter. Second, whenḃ = 0, one can extend explicitly the solution found on the brane to the whole spacetime. Finally, we have shown, exhibiting exact solutions, that brane cosmology appears compatible, at late times, with standard cosmology, in a Randall-Sundrum type model. In this respect, an important question for future investigations is wether an (exact or quasi) RandallSundrum configuration can be naturally reached in a dynamical scenario for the very early universe.
